
Statistics 110 – Assignment 3 Solutions Summer, 2006

1. Rice 2.64
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√
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2. Rice 2.66

As shown in problem 7 of Assignment 2,

F (x) = 1− 1

xα

So the quantile function F−1(p) satisfies,

p = 1− 1

xα
p

⇒ 1− p = xα
p

⇒ F−1(p) = xp = (1− p)1/α

Thus to generate a realization from this distribution, generate U ∼ Unif(0, 1) and calculate

X = (1− U)1/α

Note that if U ∼ Unif(0, 1) so is 1− U . So a realization can also be generated by

X = U1/α
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3. Rice 2.67

(a) The Weibull density function is

f(w) = F ′(w) = e−(w/α)β βwβ−1

αβ
, w ≥ 0, α ≥ 0, β ≥ 0,

(b) For x = g(w) = (w/α)β, w = g−1(x) = αx1/β

dw

dx
=

αβ

βwβ−1

then

f(x) = e−(x1/β)β β(αx1/β)β−1

αβ

∣∣∣∣
dw

dx

∣∣∣∣ = e−x

This is the Exponential density function with parameter λ = 1. So X ∼ Exp(1).

(c) As discussed earlier, if U ∼ Unif(0, 1), then X = − log U ∼ Exp(1). Then based on
(b), W = αX1/β ∼ Weibell(α, β).

4. Rice 2.68

Radius: R ∼ Exp(1) and Area: S = πR2. Then R =
(

S
π

) 1
2 and dR

dS
= 1

2
√

πS
. By using the

formula of fY (y) = fX(g−1(y))
∣∣∣dg−1(y)

dy

∣∣∣, we have

fS(s) = λe−λ
√

s/π 1

2
√

πs
.

This can also be derived by

FS(s) = P [S ≤ s] = P

[
X ≤

√
s

π

]
= FR

(√
s

π

)

= 1− exp(−λ
√

s/π)

and

fS(s) =
d

ds
FS(s)

=
d
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(1− exp(−λ

√
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= λ exp(−λ
√

s/π)
1

2
√

πs
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5. Rice 3.8

(a) i.

P [X > Y ] =

∫ 1

0

∫ 1

y

6

7
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0

2

7
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∣∣1
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7
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2
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∣∣1
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7

1
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∣∣1
0

=
1

2

ii.
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0

∫ 1−y

0

6

7
(x + y)2dxdy

=

∫ 1

0

2

7

[
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∣∣1−y

0

]
dy

=
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0

2

7
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=
2

7
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4

)∣∣∣∣
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4
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14
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] =
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7
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7

[
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=
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[(
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(b)

fX(x) =

∫ 1

0

6

7
(x + y)2dy =

2

7
(x + y)3

∣∣1
0

=
2(x + 1)3 − 2x3

7

=
6x2 + 6x + 2

7
; 0 ≤ x ≤ 1.

fY (y) =

∫ 1

0

6

7
(x + y)2dx =

2

7
(x + y)3

∣∣1
0

=
2(y + 1)3 − 2y3

7

=
6y2 + 6y + 2

7
; 0 ≤ x ≤ 1.

(c)

fX|Y (x|y) =
f(x, y)

fY (y)
=

6
7
(x + y)2

2(y+1)3−2y3

7

=
3(x + y)2

(y + 1)3 − y3

=
3(x + y)2

3y2 + 3y + 1
; 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1.

Similarly (through symmetry)

fY |X(y|x) =
3(x + y)2

3x2 + 3x + 1
; 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1.

6. Rice 3.14

(a)

fX(x) =

∫ ∞

0

xe−x(y+1)dy

= e−x

∫ ∞

0

xe−xydy (Note that the integrand is the density of a Exp(x) RV)

= e−x
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fY (y) =

∫ ∞

0

xe−x(y+1)dx

=
Γ(2)

(y + 1)2

∫ ∞

0

(y + 1)2

Γ(2)
xe−x(y+1)dx

(Note that the integrand is the density of a Gamma(2,y+1) RV)

=
1

(y + 1)2
(Γ(2) = 1)

X and Y are not independent since f(x, y) 6= fX(x)fY (y)

(b)

fX|Y (x|y) =
f(x, y)

fY (y)
=

xe−x(y+1)

1/(y + 1)2
= x(y + 1)2e−x(y+1)

This is the density of a Gamma(2, y + 1) RV

fY |X(y|x) =
f(x, y)

fX(x)
=

xe−x(y+1)

e−x
= xe−xy

This is the density of a Exp(x) RV

7. Rice 3.20

fX1,X2(x1, x2) = fX1(x1)fX2|X1(x2|x1) = 1
1

x1

=
1

x1

; 0 ≤ x2 ≤ x1 ≤ 1.

fX1(x1) = 1 and X1 ∼ Unif(0, 1).

fX2(x2) =

∫ 1

x2

1

x1

dx1 = log
1

x2

; 0 ≤ x2 ≤ 1.

8. Rice 3.24

fP (p) = I0≤p≤1(p) and fX|P (x|p) = px(1− p)1−x. Then

f(x, p) = I0≤p≤1(p)px(1− p)1−x

fX(x) =

∫ 1

0

px(1− p)1−xdp

=

{ ∫ 1

0
pdp = 0.5 for x = 1∫ 1

0
1− pdp = 0.5 for x = 0

5



Then

fP |X(p|x) =
f(x, p)

fX(x)

=

{
p

0.5
= 2p for x = 1

1−p
0.5

= 2(1− p) for x = 0

This can also be written in the form

fP |X(p|x) = 2px(1− p)1−x

9. Rice 3.40

X / Y 0 1 2

0 0 1 2

1 1 2 3

2 2 3 4

The array above are enumerations of all the possible sums corresponding to different pairs
of X and Y . Each case is of equal chance. Then P [X + Y = 0] = 1

9
, P [X + Y = 1] = 2

9
, and

P [X + Y = 2] = 3
9

= 1
3
, P [X + Y = 3] = 2

9
, P [X + Y = 4] = 1

9
.

10. (a)

∫ ∞

0

∫ 3y

0

c(3y − x)e−ydxdy =

∫ ∞

0

c(9y2e−y − 4.5y2e−y)dy

= c

∫ ∞

0

4.5y2e−ydy = 9c = 1

So c = 1
9
.

(b)

fX(x) =

∫ ∞

x
3

(3y − x)e−y

9
dy

=
1

3

∫ ∞

x
3

ye−ydy − x

9

∫ ∞

x
3

e−ydy

=

[
1

3
[−ye−y|∞x

3
+

∫ ∞

x
3

e−ydy

]
− x

9
e−

x
3

=
1

3
e−

x
3 , for x ≥ 0,
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So X ∼ Exp(1
3
).

fY (y) =

∫ 4y

0

(4y − x)e−y

16
dx = −(4y − x)2e−y

16

∣∣∣∣
4y

0

=
y2e−y

2
, for y ≥ 0.

So Y follows Gamma(3,1) distribution. Since fX,Y (x, y) 6= fX(x) · fY (y), X and Y are
not independent.

(c)

E[Y ] =

∫ ∞

0

y3e−y

2
dy = 3

(d)

fY |X=x(y) =
fX,Y (x, y)

fX(x)

=
1
16

(4y − x)e−y

1
4
e−

x
4

=
1

4
(4y − x)e−y+x

4 , for y ≥ x

4

(e)

E[Y |X = x] =

∫ ∞

x
4

y · 1

4
(4y − x)e−y+x

4 ydy

=

∫ ∞

x
4

y2e−ye
x
4 dy −

∫ +∞

x
4

xy

4
e−y+x

4 dy

= −y2e−ye
x
4 |∞x

4
+

∫ ∞

x
4

2 · ye−ye
x
4 dy −

∫ ∞

x
4

x

4
· ye−ye

x
4 dy

=
x2

16
+ (2− x

4
)e

x
4

∫ ∞

x
4

ye−ydy

=
x2

16
− (2− x

4
)e

x
4 [ye−y|∞x

4
−

∫ ∞

x
4

e−ydy]

= 2 +
x

4

(f)

E[g(X)] = E{E[Y |X = x]} =

∫ +∞

0

(2 +
x

4
) · 1

4
e−

x
4 dx = 3

(g)
E[g(X)] = E[E[Y |X = x]] = E[Y ]
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Suggested Problems

1. Rice 2.71

Let X be a discrete random variable with pk = P [X = k]. Then

FX(k) =
k∑

i=−∞
pk = FX(k − 1) + pk

Thus

P [Y = k] = P [FX(k − 1) < U ≤ FX(k)] = FX(k)− FX(k − 1) = pk = P [X = k]

For Geom(p) RVs

P [X = k] = p(1− p)k−1; k = 1, 2, . . . Fk = P [X ≤ k] = 1− (1− p)k; k = 0, 2, . . .

Then a Geom(p) random variable can be simulated by generating U ∼ Unif(0, 1) and by
setting X = k where k satisfies

1− (1− p)k−1 < U ≤ 1− (1− p)k

2. Rice 3.15

(a)

1 =

∫ 1

0

∫ √
1−x2

−√1−x2

c
√

1− x2 − y2dydx (Let x = r cos θ, y = r sin θ)

=

∫ 1

0

∫ 2π

0

cr
√

1− r2dθdr

= 2π

∫ 1

0

cr
√

1− r2dr

=
−2πc

3

(
1− r2

)1.5

∣∣∣∣
1

0

=
2πc

3

So c = 3
2π

.

(b) The plot of the joint density looks like a half sphere.
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(c) Using the change of variables x = r cos θ, y = r sin θ,

P [X2 + Y 2 ≤ 0.5] = P [R2 ≤ 0.5] = P

[
R ≤

√
2

2

]

=

∫ √
2/2

0

∫ 2π

0

3

2π
r
√

1− r2dθdr

=

∫ √
2/2

0

3r
√

1− r2dr

= −(1− r2)1.5
∣∣
√

2/2

0

= 1− 0.51.5 = 0.6464 =
2
√

2− 1

2
√

2

(d)

fX(x) =

∫ √
1−x2

−√1−x2

3

2π

√
1− x2 − y2dy

=
3

2π

(
y

2

√
1− x2 − y2 +

(1− x2)2

2
arcsin

y

1− x2

∣∣∣∣
√

1−x2

−√1−x2

)

=
3

2
(1− x2); 0 ≤ x ≤ 1

By symmetry,

fY (y) =
3

2
(1− y2); 0 ≤ x ≤ 1

(e)

fX|Y (x|y) =
3
2π

√
1− x2 − y2

3
2
(1− y2)

=

√
1− x2 − y2

π(1− y2)
; −

√
1− y2 ≤ x ≤

√
1− y2

fY |X(y|x) =
3
2π

√
1− x2 − y2

3
2
(1− x2)

=

√
1− x2 − y2

π(1− x2)
; −

√
1− x2 ≤ y ≤

√
1− x2
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3. Rice 3.18

(a) The region where the density is positive is

0.0 0.2 0.4 0.6 0.8 1.0
0.

0
0.

4
0.

8

X

Y

Given y

Valid x’s for given y

0 ≤ y ≤ x ≤ 1

(b)

1 =

∫ 1

0

∫ x

0

k(x− y)dydx

=

∫ 1

0

k

(
x2 − x2

2

)
dx

=

∫ 1

0

k
x2

2
dx

= k
1

6

So k = 6

(c)

fX(x) =

∫ x

0

6(x− y)dy

= 3x2; 0 ≤ x ≤ 1

fY (y) =

∫ 1

y

6(x− y)dx

= 3x2 − 6xy
∣∣1
y

= (3− 6y)− (3y2 − 6y2)

= 3− 6y + 3y2

= 3(1− y)2; 0 ≤ y ≤ 1
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(d)

fY |X(y|x) =
6(x− y)

3x2

=
2(x− y)

x2
; 0 ≤ y ≤ x ≤ 1

fX|Y (x|y) =
6(x− y)

3(1− y)2

=
2(x− y)

(1− y)2
; 0 ≤ y ≤ x ≤ 1

4. Rice 3.31

This algorithm stops when the finding the largest k such that U < p0 + p1 + . . . + pk. This
is equivalent to finding the unique k satisfying p0 + . . . + pk−1 ≤ U < p0 + . . . + pk, which
has probability

P [X = k] = P [p0 + . . . + pk−1 ≤ U < p0 + . . . + pk]

= pk

11


